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Abstract: We discuss the violation of quark-flavor symmetry at high temperatures, in-
duced from nonperturbative thermal loop corrections and axial anomaly, based on a three-
flavor linear-sigma model including an axial-anomaly induced-flavor breaking term. We em-
ploy a nonperturbative analysis following the Cornwall-Jackiw-Tomboulis formalism, and
show that the model undergoes a chiral crossover with a pseudo-critical temperature, con-
sistently with lattice observations. We find following features regarding the flavor breaking
eminent around and above the pseudo-critical temperature: i) up-and down-quark conden-
sates drop faster than the strange quark’s toward the criticality, but still keep nonzero value
even going far above the critical temperature; ii) the introduced anomaly-related flavor-
breaking effect acts as a catalyzer toward the chiral restoration, and reduces the amount
of flavor breaking in the up, down and strange quark condensates; iii) a dramatic defor-
mation for the meson flavor mixing structure is observed, in which the anomaly-induced
favor breaking is found to be almost irrelevant; iv) the meson spectroscopy gets corrected
by the net nonperturbative flavor breaking effects, where the scalar meson mass hierarchy
(inverse mass hierarchy) is significantly altered by the presence of the anomaly-related fla-
vor breaking; v) the topological susceptibility significantly gets the contribution from the
surviving strange quark condensate, which cannot be dictated by the chiral perturbation
theory, and deviates from the dilute instanton gas prediction. There the anomaly-induced
flavor breaking plays a role of the destructive interference for the net flavor violation, as in
the flavor breaking in the quark condensates; vi) the U(1)A breaking signaled by nonzero
topological susceptibility is enhanced by the nonperturbative strange quark condensate,
which may account for the tension in the effective restoration of the U(1)A symmetry cur-
rently observed on lattices with two flavors and 2+1 flavors near the chiral limit. Our
founding critical natures can be checked in the future lattice simulations, and will give
some implications to the thermal history of QCD axion.
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1 Introduction
The QCD phase transition, involving the chiral symmetry restoration, is the major subject
to understand the QCD vacuum structure present in the early Universe, and would also
provide hints for astrophysical consequences related to the QCD thermal history, such as
the QCD axion. Recent developments on lattice calculations on hot QCD, with Nf = 2+1
flavors and physical quark masses, have revealed that the chiral phase transition is predicted
as a crossover (called the chiral crossover), with the pseudo-critical temperature estimated
as Tpc ∼ 155 MeV [1–4]. Besides, U(1)A symmetry is intriguing also to study the hot-
QCD phase structure: although the U(1)A symmetry is broken by the quantum anomaly
at low temperatures, above the chiral phase transition the fate of U(1)A symmetry is still
mysterious, has not completely been understood yet, and left with a long-standing issue
since the first literature pointed out [5] that it could be restored at the chiral criticality.
The U(1)A symmetry is correlated with the nontrivial-topological vacuum structure, from
which the CP violation arises due to strong interactions (strong CP violation) with the θ
parameter. Thus the U(1)A anomaly at finite temperature, as well as the chiral symmetry
– 1 –
restoration, is an important key to deeply understand the hot QCD vacuum including the
topological structure.
The θ-dependence of the QCD vacuum energy is captured in part by the topological
susceptibility, which is defined as the curvature of the free energy of QCD with respect
to the θ at the QCD vacuum. Note that the topological susceptibility is closely linked
with the chiral symmetry breaking along with the U(1)A anomaly: the topological gluon
configurations as the source of the axial anomaly can always be transferred by the axial
rotation to current quark mass terms in the QCD generating functional, once the current
quark masses are introduced in the theory. Then the topological susceptibility is given
by the sum of quark condensates coupled with current quark masses and pseudoscalar
susceptibilities (as will more explicitly be clarified in the later section). Thereby, the
topological susceptibility at high temperatures would be a crucial quantity to explore some
(effective or partial) U(1)A restoration in the presence of nonzero current quark masses,
in relation to the hot-QCD θ vacuum structure, and the chiral symmetry restoration via
quark condensates.
In the three flavor QCD at the vacuum the quark condensates are degenerated (〈u¯u〉 '
〈d¯d〉 ' 〈s¯s〉) as observed in the lattice simulation, 〈s¯s〉/〈l¯l〉 = 1.08 ± 0.16 (l = u, d) [6].
Turning finite temperature on, this situation is dramatically altered. As has been observed
in several analyses on lattice simulations for finite tempeture QCD [7, 8], thermal loop
effects would cause a partial restoration of the chiral symmetry (or chiral crossover) at
the (pseudo) critical temperature, where only the lightest l quark condensate 〈l¯l〉 drops
more quickly than the strange quark 〈s¯s〉 does. This implies a nonperturbative flavor
breaking generated in hot-QCD. So, such a nonperturbative flavor breaking is expected to
be reflected also in the topological susceptibility.
Actually, in Ref. [9] the authors demonstrated a significant flavor breaking effect on
the topological susceptibility at high temperatures around and above the pseudo-critical
temperature, which was shown to be generated from nonperturbative thermal loop correc-
tions to quark condensates, that are flavorful for light and strange quarks. There it was
emphasized that the presence of strange quark contribution would be nonperturbatively
crucial, which cannot be realized by the conventional chiral perturbation theory (ChPT),
implying that it drives the U(1)A anomaly effect to be sizable even at high temperatures.
In this paper, we develop the analysis done in [9], by further investigating the flavor
breaking effects on meson spectroscopy around the hot QCD criticality. We also supply
the details to reach the result reported in the literature.
As was done in [9], we work on a three-flavor linear-sigma model including an axial-
anomaly induced-flavor breaking term [10], and employ a nonperturbative analysis fol-
lowing the Cornwall-Jackiw-Tomboulis (CJT) formalism [11]. The nonperturbative flavor
breaking is provided from two ingredients: one is nonperturbative thermal corrections, and
the other is an axial anomaly-induced flavor breaking interaction.
The model is shown to undergo a chiral crossover with a pseudo-critical temperature,
consistently with lattice observations. Nonpertubative computation of thermal loop cor-
rections shows that up-and down-quark condensates drop faster than the strange quark’s
toward the criticality, but still keep nonzero value even going far above the critical tem-
– 2 –
perature, which implies the nonperturbative generation of a significant flavor breaking. It
turns out that the introduced anomaly-related flavor-breaking effect acts as a catalyzer for
the chiral restoration, while it reduces the amount of flavor breaking in the up, down and
strange condensates.
Nonperturbative thermal corrections also generate a dramatic deformation for the
meson flavor mixing structures, in passing the chiral crossover, in which the anomaly-
induced favor breaking is found to be almost irrelevant. Of interest is that the meson
spectroscopy gets corrected by the net nonperturbative flavor breaking effects around and
above the critical temperature, where the scalar meson mass hierarchy is significantly
altered by the presence of the anomaly-related flavor breaking.
We also pay particular attention to the topological susceptibility, with the correct
identification keeping the flavor universal nature for the current quark masses. We find that
around and above the chiral crossover, the topological susceptibility gets a nonperturbative
flavor breaking via the surviving strange quark condensate, which cannot be detected by
the chiral perturbation theory (ChPT), and significantly deviates from the dilute instanton
gas prediction. There the anomaly-induced flavor breaking plays a role of the destructive
interference for the enhancement, as in the flavor breaking in the quark condensates.
Remarkably, the U(1)A breaking dictated by nonzero topological susceptibility is cat-
alyzed by the nonperturbative strange quark condensate at around the chiral crossover
criticality, which may account for the tension in the effective restoration of the U(1)A sym-
metry currently observed on lattices near the chiral limit with two flavors [12–15] and 2+1
flavors [16–18].
The structure of the present paper is given in the Table of Contents.
2 A linear sigma model at zero temperature
In this section, we begin by giving a brief review of the three-flavor linear-sigma model
involving an axial-anomaly induced-flavor breaking proposed in the literature [10]. This
model with the introduced flavor-breaking axial anomaly has been shown to successfully
reproduce what is called the inverse mass hierarchy for scalar mesons lighter than 1 GeV
(mf0(500) < mκ(700)=K∗0 (700) < ma0(980)(' mf0(980))). The model is built based on the chiral
symmetry – which is spontaneously broken by vacuum expectation values of the sigma
model field in a way consistent with the underlying QCD – with including the minimal
flavor violation effect induced from the current quark mass difference.
2.1 Three-flavor linear-sigma model involving the axial-anomaly induced-flavor
breaking
We start with introducing the building block, the linear sigma model field Φ as a 3 × 3
matrix field Φ. It is parametrized by the scalar- and pseudoscalar-meson nonets as
Φ = ΦaTa = (σa + ipia)Ta, (2.1)
where σa are the scalar fields and pia are the pseudoscalar fields. Ta = λa/2 (a =
0, 1, · · · , 8) are the generators of U(3), where λa=1,··· ,8 are the Gell-Mann matrices with
– 3 –
λ0 =
√
2/3 13×3. The generators satisfy the following identities,
tr[T aT b] =
1
2
δab,
[T a, T b] = ifabcTc,
{Ta, Tb} = dabcTc, (2.2)
where fabc and dabc (for a, b, c = 1, · · · , 8) are the antisymmetric and symmetric structure
constants of SU(3) respectively, and the following conditions are satisfied
fab0 = 0, dab0 =
√
2
3
δab. (2.3)
Under the chiral SU(3)L × SU(3)R × U(1)A symmetry, the 3× 3 matrix Φ transforms as
Φ→ gA · gL · Φ · g†R. (2.4)
where gL,R ∈ SU(3)L,R and gA ∈ U(1)A.
The scalar mesons (JP = 0+) and the pseudoscalar mesons (JP = 0−) are embedded
in the σaTa and piaTa, respectively, like
σaTa =
1√
2

a0√
2
+ σ8√
6
+ σ0√
3
a+ κ+
a− − a0√
2
+ σ8√
6
+ σ0√
3
κ0
κ− κ¯0 −2σ8√
6
+ σ0√
3
 ,
piaTa =
1√
2

pi0√
2
+ η8√
6
+ η0√
3
pi+ K+
pi− − pi0√
2
+ η8√
6
+ η0√
3
K0
K− K¯0 −2η8√
6
+ η0√
3
 , (2.5)
where pi± = (pi1∓ipi2)/
√
2 and pi0 = pi3 are pions, K
± = (pi4∓ipi5)/
√
2, K0 = (pi6−ipi7)/
√
2
and K¯0 = (pi6 + ipi7)/
√
2 are kaons, η0 = pi0 and η8 = pi8 are admixtures of the η meson and
η′. In the scalar meson nonet, the a0(980) meson is identified as the isotriplet component,
a± = (σ1 ∓ iσ2)/
√
2 and a0 = σ3. The κ(700) = K
∗
0 (700) mesons, forming the isodoublet
(including single strange quark as valence quarks), are assigned as κ± = (σ4 ∓ iσ5)/
√
2,
κ0 = (σ6−iσ7)/
√
2 and κ¯0 = (σ6+iσ7)/
√
2. The σ0 and σ8 are referred to as the admixtures
of the f0(500) and f0(980).
With the linear sigma model field Φ as the building block at hand, the three-flavor
linear sigma model is written down
L = tr
[
∂µΦ∂
µΦ†
]
− V. (2.6)
where V represents the potential terms,
V = V0 + Vanom + Vanom + VSB + VSB−anom. (2.7)
V0 is an invariant part under the SU(3)L × SU(3)R × U(1)A symmetry, in which the
mass term of Φ and the four-point interaction terms are incorporated,
V0 = µ
2tr[(Φ†Φ)] + λ1tr[(Φ†Φ)2] + λ2(tr[(Φ†Φ)])2, (2.8)
– 4 –
where µ2 can take either a positive or negative value and λ1,2 are dimensionless quartic
coupling constants.
The U(1)A anomalous part, but keeping the chiral SU(3)L × SU(3)R symmetry, is
incorporated in Vanom. The lowest dimensional operator for the U(1)A anomalous term is
given by a la Kobayashi-Maskawa-’t Hooft (KMT) [19–22],
Vanom = −B
(
det[Φ] + det[Φ†]
)
, (2.9)
where the parameter B is real, having mass dimension one. This Vanom is necessary to
supply the sufficiently large mass for the η′ meson to be no longer a Nambu-Goldstone
boson.
The explicit chiral symmetry breaking originates from the current quark mass matrix
M = diag(mu,md,ms) in the underlying QCD Lagrangian. We incorporate this explicit
breaking structure into the linear sigma model, by regarding the current quark mass matrix
M as a spurion field, which transforms in the same way as Φ does, M→ gA · gL · M · g†R
and develops the vacuum expectation value 〈M〉 = diag{mu,md,ms}. Thus the explicit
breaking terms can be introduced in the linear-sigma model-Lagrangian in a chiral-invariant
way. In the minimal flavor violation limit where only the oneM can be operative, the VSB
part, free from the nonperturbative axial anomaly, thus goes like
VSB = −ctr[MΦ† +M†Φ], (2.10)
where the parameter c is taken to be real, and has mass dimension two. The parameter c
will not solely show up in the physical quantities, because its degree of freedom corresponds
to the renormalization scale ambiguity in defining quark condensates.
The VSB−anom is the axial-anomaly induced-flavor breaking term, introduced in [10].
In the minimal flavor violation limit where the singleM is only allowed to be inserted, the
VSB−anom is cast is into the form 1,
VSB−anom = −kc
[
abc
defMadΦbeΦcf + h.c.
]
, (2.11)
where the parameter k is real, having mass dimension -1, and abc is totally antisymmetric
tensor under the exchange of indices a, b and c with 123 = 1. It has been demonstrated [10]
that this k term plays the crucial role of realizing the inverse mass hierarchy for the scalar
mesons lighter than 1 GeV: m[a0(980)] ' m[f0(980)] > m[K∗0 (700)] > m[f0(500)].
1 A field redefinition for the linear sigma model field Φ (or the spurion field M) can eliminate the k-term,
however, instead would necessarily yield terms including higher orders in M. Hence, the field redefinition
will be off from the criterion of the minimal flavor violation, on which the present model is based. On
this basis, it is robust that the k term is only the source related to the anomaly-related flavor breaking.
Though being not associated with the U(1) axial anomaly (which turns out to be manifest in the limit of
nonlinear realization, i.e.,when reduced back to the chiral perturbation theory), introduction of terms like
tr[MΦ†MΦ† + h.c.] and tr[MΦ†]tr[ΦΦ†] + h.c., will not be contradicted with our criterion of the minimal
flavor violation, hence might make some effects on what we have argued on the inverse mass hierarchy, in
addition to the k-term. The extended analysis including those operators will be pursued elsewhere.
– 5 –
2.2 Spontaneous chiral symmetry breaking, meson masses, and topological
susceptibility at zero temperature
In the linear sigma model, the spontaneous chiral symmetry breaking occurs by the nonzero
vacuum expectation value of the Φ field:
〈Φ〉 = Φ¯ = Taσ¯a. (2.12)
We impose the isospin symmetry, ml ≡ mu = md 6= ms, so that the vacuum expectation
values σ¯a are taken as
σ¯aTa = σ¯0T0 + σ¯8T8
= diag(Φ¯1, Φ¯1, Φ¯3) (2.13)
where
Φ¯1 =
1√
6
σ¯0 +
1
2
√
3
σ¯8,
Φ¯3 =
1√
6
σ¯0 − 1√
3
σ¯8. (2.14)
For the background fields σ¯0,8, the potential Eq. (2.7) is evaluated as
V (σ¯) =
1
2
µ2(σ¯20 + σ¯
2
8) + λ1
[
1
12
σ¯40 +
1
2
σ¯20σ¯
2
8 −
1
3
√
2
σ¯0σ¯
3
8 +
1
8
σ¯48
]
+
λ2
4
(σ¯20 + σ¯
2
8)
2
−B
[
1
3
√
6
σ¯30 −
1
2
√
6
σ¯0σ¯
2
8 −
1
6
√
3
σ¯38
]
−
√
2
3
(2cml + cms)σ0 − 2√
3
(cml − cms)σ8
−kc
[ml
3
(4σ¯20 − 2
√
2σ¯0σ¯8 − 4σ¯28) +
ms
3
(2σ¯20 + 2
√
2σ¯0σ¯8 + σ¯
2
8)
]
. (2.15)
From this potential, the stationary conditions for σ¯0 and σ¯8 read
c
√
2
3
(2ml +ms) = σ¯0
[
µ2 +
λ1
3
(σ¯0)
2 + λ2(σ¯0)
2 − B√
6
σ¯0
]
+ (σ¯8)
2
[
λ1σ¯0 + λ2σ¯0 − λ1
3
√
2
σ¯8 +
B
2
√
6
]
−kc
[ml
3
(8σ¯0 − 2
√
2σ¯8) +
ms
3
(4σ¯0 + 2
√
2σ¯8)
]
,
c
2√
3
(ml −ms) = σ¯8
[
µ2 +
B√
6
σ¯0 +
B
2
√
3
σ¯8 + (λ1 + λ2)σ¯
2
0 −
λ1√
2
σ¯0σ¯8 +
(
λ1
2
+ λ2
)
(σ¯8)
2
]
−kc
[ml
3
(−2
√
2σ¯0 − 8σ¯8) + ms
3
(2
√
2σ¯0 + 2σ¯8)
]
. (2.16)
2.2.1 Scalar and pseudoscalar meson masses
Around the vacuum given by σ¯0,8 in Eq.(2.16), the scalar mesons arise as the fluctuating
modes, to form the mass matrix (m2S)ij (i, j = 0, 1, 4, 8), with the matrix elements,
(m2S)00 = µ
2 + λ1(σ¯
2
0 + σ¯
2
8) + λ2(3σ¯
2
0 + σ¯
2
8)−B
√
2
3
σ¯0 − 4
3
kc(2ml +ms),
(m2S)88 = µ
2 + λ1
[
σ¯20 −
√
2σ¯0σ¯8 +
3
2
σ¯28
]
+ λ2(σ¯
2
0 + 3σ¯
2
8) +
B√
3
(
1√
2
σ¯0 + σ¯8
)
+
2
3
kc(4ml −ms),
– 6 –
(m2S)08 = λ1
[
2σ¯0σ¯8 − 1√
2
σ¯28
]
+ 2λ2σ¯0σ¯8 +
B√
6
σ¯8 +
2
√
2
3
kc(ml −ms), (2.17)
(m2S)11 = µ
2 + λ1
[
σ¯20 +
√
2σ¯0σ¯8 +
1
2
σ¯28
]
+ λ2(σ¯
2
0 + σ¯
2
8) +
B√
3
(
1√
2
σ¯0 − σ¯8
)
+ 2kcms,
(m2S)44 = µ
2 + λ1
[
σ¯20 −
1√
2
σ¯0σ¯8 +
1
2
σ¯28
]
+ λ2(σ¯
2
0 + σ¯
2
8) +
B√
3
(
1√
2
σ¯0 +
1
2
σ¯8
)
+ 2kcml,
where (m2S)11 and (m
2
S)44 are identified as the a0(980) meson and the K
∗
0 (700) respectively,
m2a0 ≡ (m2S)11, m2κ ≡ (m2S)44. As shown in Eq. (2.17), the (m2S)11 has the 2kcms term,
which comes from the VSB−anom term. On the other hand, the contribution to (m2S)44
from the VSB−anom term is given as the 2kcml term. Due to ms > ml the axial-anomaly
induced-flavor breaking k-term supplies the sufficient contribution to the a0(980) meson, so
that the a0 meson is necessarily heavier than the K
∗
0 (700) meson, hence the desired inverse
mass hierarchy ma0 > mκ is realized [10].
The mixing part for (m2S)00 and (m
2
S)88 can be diagonalized by an orthogonal trans-
formation in the following way:
σ˜i =
(
O−1S
)
ia
σa,
[m˜2S ](i)δij =
(
O−1S
)
ia
[m2S ]ab (OS)bj , (2.18)
where [m˜2S ](i) are the mass eigenvalues. Thus the f0(500) and f0(980) masses are assigned
and evaluated as
m2[f0(500)] = (m˜
2
S)(0) = (m
2
S)00 cos
2 θ0S + (m
2
S)88 sin
2 θ0S − 2(m2S)08 cos θ0S sin θ0S ,
m2[f0(980)] = (m˜
2
S)(8) = (m
2
S)00 sin
2 θ0S + (m
2
S)88 cos
2 θ0S + 2(m
2
S)08 cos θ
0
S sin θ
0
S ,(2.19)
where θ0S represents the scalar mixing angle
θ0S =
1
2
arctan
[
2(m2S)08
(m2S)00 − (m2S)88
]
. (2.20)
In a way similar to the scalar meson sector, the pseudoscalar mesons are also in part
mixed to form the mass matrix (m2P )ij (i, j,= 0, 1, 4, 8) with the matrix elements,
(m2P )00 = µ
2 +
λ1
3
(σ¯20 + σ¯
2
8) + λ2(σ¯
2
0 + σ¯
2
8) +B
√
2
3
σ¯0 +
4
3
kc(2ml +ms),
(m2P )11 = µ
2 + λ1
[
1
3
σ¯20 +
√
2
3
σ¯0σ¯8 +
1
6
σ¯28
]
+ λ2(σ¯
2
0 + σ¯
2
8)−
B√
3
(
1√
2
σ¯0 − σ¯8
)
− 2kcms,
(m2P )44 = µ
2 + λ1
[
1
3
(σ¯0)
2 − 1
3
√
2
σ¯0σ¯8 +
7
6
(σ¯8)
2
]
+ λ2(σ¯
2
0 + σ¯
2
8)−
B√
3
(
1√
2
σ¯0 +
1
2
σ¯8
)
− 2kcml,
(m2P )88 = µ
2 + λ1
[
1
3
(σ¯0)
2 −
√
2
3
σ¯0σ¯8 +
1
2
(σ¯8)
2
]
+ λ2(σ¯
2
0 + σ¯
2
8)−
B√
3
(
1√
2
σ¯0 + σ¯8
)
− 2
3
kc(4ml −ms),
(m2P )08 =
2
3
λ1σ¯0σ¯8 − λ1
3
√
2
σ¯28 −
B√
6
σ¯8 − 2
√
2
3
kc(ml −ms), (2.21)
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where (m2P )11 and (m
2
P )44 are identified as the pion mass and the kaon mass, respectively,
m2pi ≡ (m2P )11, m2K ≡ (m2P )44. As the consequence of the chiral partner structure in the
linear sigma model, The pi0 and pi8 mix in a similar way to the scalar meson’s. The mass
matrix can be diagonalized by the orthogonal transformation,
p˜ii =
(
O−1P
)
ia
pia,
[m˜2P ](i)δij =
(
O−1P
)
ia
[m2S,P ]ab (OP )bj , (2.22)
where the [m˜2P ](i) are the mass eigenvalues. Thus, the η
′ and η meson masses are assigned
and evaluated as
m2η′ = (m˜
2
P )(0) = (m
2
P )00 cos
2 θ0P + (m
2
P )88 sin
2 θ0P − 2(m2P )08 cos θ0P sin θ0P ,
m2η = (m˜
2
P )(8) = (m
2
P )00 cos
2 θ0P + (m
2
P )88 sin
2 θ0P + 2(m
2
P )08 cos θ
0
P sin θ
0
P , (2.23)
where θ0P denotes the pseudoscalar mixing angle at the zero temperature, which is given
by
θ0P =
1
2
arctan
[
2(m2P )08
(m2P )00 − (m2P )88
]
. (2.24)
By using the stationary condition in Eq. (2.16), the pion mass and the kaon mass can
be written as
m2pi =
cml
Φ¯1
(1 + 2kΦ¯3),
m2K =
cml + cms
Φ¯1 + Φ¯3
(1 + 2kΦ¯1). (2.25)
It looks like that those masses significantly get corrections from the k term having an
intrinsic-flavor violation-nature associated with the determinant form (breaking the intrin-
sic parity). So, one might doubt if the present model surely satisfies the low-energy theorem
for three-flavor case, such as the Gell-Mann-Oakes-Renner relations. To check this point,
we shall look at the quark condensates, and the pion decay constant fpi and the kaon decay
constant fK . The former reads
〈l¯l〉 = ∂V (σ¯)
∂ml
= −2c(Φ¯1 + 2kΦ¯1Φ¯3),
〈s¯s〉 = ∂V (σ¯)
∂ms
= −2c(Φ¯3 + 2kΦ¯21), (2.26)
while the latter are read off from the overlap amplitudes between the corresponding axi-
alvector currents and pseudoscalars, to be given as
fpi = 2Φ¯1,
fK = Φ¯1 + Φ¯3. (2.27)
From these, we find
f2pim
2
pi = (ml +md)〈l¯l〉,
f2Km
2
K =
ml +md
2
(〈l¯l〉+ 〈s¯s〉), (2.28)
– 8 –
which are precisely the Gell-Mann-Oakes-Renner relations. Note an accidental cancellation
of the k dependence arising from both quark condensates and pion, kaon masses. Thus,
the low energy theorem is intact even in the presence of the intrinsically flavor-violating
k-term [10].
2.2.2 Topological susceptibility: flavor-universal nature
We next turn to topological susceptibility χtop. In QCD, the χtop is a crucial quantity
to measure the topological charge fluctuation of the QCD θ-vacuum. It is defined as the
curvature of the free energy of QCD with respect to the θ at the QCD vacuum with θ = 0:
χtop = −
∫
d4x
δ2V (θ)
δθ(x)δθ(0)
∣∣∣∣∣
θ=0
. (2.29)
where V (θ) is the θ-dependent vacuum energy. Furthermore, the QCD θ-vacuum is corre-
lated with the presence of the U(1)A anomaly including quark mass contributions. As will
be seen later, the χtop must have a flavor-universal nature, and vanish when either of all
current quark masses goes to zero, because the nonperturbative U(1)A anomaly induced
by topological gluon configurations can always be transferred to current quark mass terms
in the QCD generating functional, once the current quark masses are introduced in the
theory. Thereby, the χtop also plays an important role of monitoring some (effective or
partial) U(1)A restoration in the presence of nonzero current quark masses. (That might
or might not happen at high temperatures, as will be seen later.) In this section, we pay
our attention to this topological susceptibility in the present linear sigma model with the
anomaly-induced flavor breaking, the k-term.
Generically, the θ-parameter can be introduced through matching the QCD generating
functional with the one corresponding to the low-energy effective model which one works
on. So, we shall start from the Euclidean generating functional of QCD given as a function
of θ,
ZQCD =
∫
[Πfdqfdq¯f ][dA] exp
[
−
∫
d4x
{∑
f
(
q¯fLiγ
µDµq
f
L + q¯
f
Riγ
µDµq
f
R + q¯
f
Lmfq
f
R + q¯
f
Rmfq
f
L
)
+
1
4g2
(F aµν)
2 +
iθ
32pi2
F aµνF˜
a
µν
}]
, (2.30)
where qfL(R) denote the left- (right-) handed quark fields; the covariant derivative of the
quark field is represented as Dµ involving the gluon fields A; F
a
µν is the field strength of the
gluon fields with g being the QCD coupling constant. The finiteness of the θ-parameter
indicates that the QCD system is put in the CP violation domain.
Under the UA(1) rotation with the rotation angle θf , the left- and right-handed quark
fields are transformed as
qfL → exp (−iθf/2) qfL,
qfR → exp (iθf/2) qfR, (2.31)
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By rotating the chiral quark fields as above, one finds that the extra phase factor shows
up in the QCD generating functional:
∫
[Πfdqfdq¯f ][dA] exp
[
−
∫
d4x
{∑
f
(
q¯fLiγ
µDµq
f
L + q¯
f
Riγ
µDµq
f
R + q¯
f
Lmfe
iθf qfR + q¯
f
Rmfe
−iθf qfL
)
+
1
4g2
(F aµν)
2 +
i(θ − θ¯)
32pi2
F aµνF˜
a
µν
}]
, (2.32)
where θ¯ =
∑
f=u,d,s θf = θu + θd + θs. Thus, in the presence of nonzero current quark
masses, generically the θ-term (θF aµνF˜
a
µν) can be rotated away from the QCD generating
functional by choosing the chiral rotation angle like,
θ = θ¯ = θu + θd + θs, (2.33)
Instead, the θ-dependence is fully absorbed into the quark mass matrix. Crucial is then
to note that if either of quarks are massless, the θ-dependence can be completely rotated
away from the QCD generating functional. It implies that for small enough θf , the θf are
constrained by the flavor singlet condition [23],
muθu = mdθd = msθs ≡ x. (2.34)
By using this flavor singlet condition with the choice of the parameter θ¯ in Eq. (2.33), the
parameter θf s are determined as
θu =
m¯
mu
θ, θd =
m¯
md
θ, θs =
m¯
ms
θ, (2.35)
where
m¯ =
(
1
mu
+
1
md
+
1
ms
)−1
. (2.36)
Thus the θ-dependent vacuum energy of QCD is cast into the form
VQCD(θ) = − ln
[∫
[Πfdqfdq¯f ][dA] exp
(
−
∫
d4xL(θ)QCD
)]
(2.37)
where
L(θ)QCD =
∑
f
(
q¯fLiγ
µDµq
f
L + q¯
f
Riγ
µDµq
f
R
)
+ q¯LMθqR + q¯RM†θqL +
1
4g2
(F aµν)
2 (2.38)
with Mθ being the θ-dependent quark matrix,
Mθ = diag
[
mu exp
(
i
m¯
mu
θ
)
,md exp
(
i
m¯
md
θ
)
,ms exp
(
i
m¯
ms
θ
)]
. (2.39)
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Therefore, from Eq. (2.29) the topological susceptibility of QCD is evaluated as
χ
(QCD)
top = −
∫
d4x
δ2VQCD
δθ(x)δθ(0)
∣∣∣∣∣
θ=0
=
(〈u¯u〉
mu
+
〈d¯d〉
md
+
〈s¯s〉
ms
)
m¯2 +
∫
d4x〈
(∑
f
iq¯f (x)γ5q
f (x)
)(∑
f
iq¯f (0)γ5q
f (0)
)
〉m¯2
−
∫
d4x〈
∑
f
iq¯f (x)γ5q
f (x)〉〈
∑
f
iq¯f (0)γ5q
f (0)〉m¯2. (2.40)
This is an intriguing formula having the nonperturbative correlation in QCD between the
axial anomaly along with the θ-vacuum and the chiral symmetry breaking. Note that the
topological susceptibility goes away, if either of quarks get massless. Thus the flavor-singlet
nature of the axial anomaly in QCD is surely reflected in the topological susceptibility in
Eq. (2.40) [23] (see also, e.g., [24]).
Even in the present linear sigma model the θ-parameter must be entered only via
the quark mass matrix M, so that only the VSB and the VSB−anom parts include the θ
dependence through Mθ in Eq.(2.39). In the present linear sigma model, thus, the θ-
dependent vacuum energy V (θ) is written as
V (θ) =
∫
d4xVSB(θ) +
∫
d4xVSB−anom(θ)
=
∫
d4x
(
−4cmlΦ¯1 cos θl − 2cmsΦ¯3 cos θs
−8kcmlΦ¯1Φ¯3 cos θl − 4kcms(Φ¯1)2 cos θs
)
. (2.41)
From Eq. (2.29), the topological susceptibility of the linear sigma model reads
χtop = −
∫
d4x
δ2V (θ)
δθ(x)δθ(0)
∣∣∣∣∣
θ=0
=
(
2〈l¯l〉
ml
+
〈s¯s〉
ms
)
m¯2, (2.42)
where the light-quark condensate 〈l¯l〉 and the strange-quark condensate 〈s¯s〉 should be
evaluated from the linear sigma model analysis. This topological susceptibility is precisely
in accordance with Eq. (2.40) at the leading order of mq. By taking the flavor universal
limit 〈l¯l〉 = 〈s¯s〉 ≡ Σ, the expression of the topological susceptibility in Eq. (2.42) can be
reduced to the Leutwyler-Smiluga (LS) relation [25]: χtop
∣∣
LS
= Σm¯, which is derived at the
leading order in the ChPT. It is remarkable that the χtop includes contributions from the
anomaly-induced flavor breaking k-term, through the quark condensates in Eq.(2.26).
3 Formulation at finite temperature based on the CJT formalism
When employing perturbative evaluation of thermal loop corrections in the linear sigma
model at finite temperatures, we encounter the infrared divergence, because the meson
– 11 –
loop corrections will be drastically enhanced to overwhelm the leading order terms due
to the potentially small masses of pseudo-Nambu-Goldstone bosons. Therefore, some re-
summation scheme is required to avoid the infrared divergence. Furthermore, performing
the perturbative thermal loop calculations, some unphysical tachyonic mode would show
up during a chiral phase transition. Thus, one may fail to implement the perturbative
loop calculation in passing the phase boundary, which urges one to work on some nonper-
turbative analysis, to get reliable and physical results in the linear sigma model at finite
temperatures.
In the present analysis, we shall employ the CJT formalism [11], which is well-known
and a powerful nonperturbative calculation tool to study the chiral phase transition based
on the linear sigma model [26, 27]. The effective potential based on the CJT formalism is
given as
Veff [α, S, P ] = V (α) +
1
2
∫
k
{
[lnS−1(k)]aa + [lnP−1(k)]aa
}
+
1
2
∫
k
[
S¯−1ab (k;α)Sba(k) + P¯
−1
ab (k;α)Pba(k)− 2δabδba
]
+ V2[α, S, P ],(3.1)
where α denotes a set of the expectation values of the scalar fields; V (α) is the tree-level
potential given in Eq. (2.15); V2[α, S, P ] includes contributions from the sum of all two-
particle irreducible diagrams, in which all meson loop lines are drawn by the full (dressed)
propagators, denoted as S (for scalar mesons) and P (pseudoscalar mesons). Here, we have
used the shorthand notation for the integration based on the imaginary time formalism,∫
k
f(k) = T
∞∑
n=−∞
∫
d3k
(2pi)3
f(2piinT,k). (3.2)
The S¯−1ab (k;α) and P¯
−1
ab (k;α) are the tree-level propagators for scalar and pseudoscalar
mesons respectively,
S¯−1ab (k;α) = −k2δab +
[
m2S(α)
]
ab
,
P¯−1ab (k;α) = −k2δab +
[
m2P (α)
]
ab
, (3.3)
where
[
m2S(α)
]
ab
and
[
m2S(α)
]
ab
are the mass matrices of the scalar and pseudoscalar
meson masses at the tree-level given in Eqs. (2.17) and (2.21). The expectation value of
the one-point function σ¯ and of the two-point functions denoted as S¯ and P¯ are determined
from the stationary conditions,
δVeff [α, S, P ]
δαa
∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
= 0,
δVeff [α, S, P ]
δSab
∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
= 0,
δVeff [α, S, P ]
δPab
∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
= 0. (3.4)
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From latter two equations, the two-point functions can be expressed as
S¯−1ab (k) = S¯−1ab (k; σ¯) + Σab(k),
P¯−1ab (k) = P¯−1ab (k; σ¯) + Πab(k), (3.5)
where Σab(k) and Πab(k) are the scalar- and pseudoscalar-self energy functions,
Σab(k) = 2
δV2[α, S, P ]
δSba
∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
Πab(k) = 2
δV2[α, S, P ]
δPba
∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
. (3.6)
Σab and Πab are functions of the S¯ab and P¯ab, so that Eq. (3.5) represents the the Schwinger-
Dyson equations for the dressed propagators of the scalar and pseudoscalar mesons.
The V2[α, S, P ] generically includes infinite number of diagrams, so an exact calculation
is not practical. In the present study, we shall just pick up double-bubble diagrams, which
is equivalent to the Hartree approximation. In this case, the effective potential for two-
particle irreducible (2PI) diagrams V2 is generated from the four-point interactions of the
λ1,2 terms in Eq.(2.8), and takes the form
V2[S, P ] = Fabcd
[∫
k
Sab(k)
∫
p
Scd(p) +
∫
k
Pab(k)
∫
p
Pcd(p)
]
+ 2Habcd
∫
k
Sab(k)
∫
p
Pcd(p).(3.7)
where
Fabcd =
λ1
8
(dabndncd + dadndnbc + dacndnbd) +
λ2
4
(δabδcd + δadδbc + δacδbd)
Habcd =
λ1
8
(dabndncd + facnfnbd + fbcnfnad) +
λ2
4
δabδcd. (3.8)
In the Hartree approximation, V2 does not explicitly depend on α, either are functions of
α.
The stationary conditions for the condensates σ¯0 and σ¯8 are then written as
c
√
2
3
(2ml +ms) = σ¯0
[
µ2 +
λ1
3
(σ¯0)
2 + λ2(σ¯0)
2 − B√
6
σ¯0
]
+ (σ¯8)
2
[
λ1σ¯0 + λ2σ¯0 − λ1
3
√
2
σ¯8 +
B
2
√
6
]
−kc
[ml
3
(8σ¯0 − 2
√
2σ¯8) +
ms
3
(4σ¯0 + 2
√
2σ¯8)
]
−3G0bc
(∫
k
S¯cb(k)−
∫
k
P¯cb(k)
)
+ 4F0bcdσ¯d
∫
k
S¯cb(k) + 4H0bcdσ¯d
∫
k
P¯cb(k),
c
2√
3
(ml −ms) = σ¯8
[
µ2 +
B√
6
σ¯0 +
B
2
√
3
σ¯8 + (λ1 + λ2)σ¯
2
0 −
λ1√
2
σ¯0σ¯8 +
(
λ1
2
+ λ2
)
(σ¯8)
2
]
−kc
[ml
3
(−2
√
2σ¯0 − 8σ¯8) + ms
3
(2
√
2σ¯0 + 2σ¯8)
]
−3G8bc
(∫
k
S¯cb(k)−
∫
k
P¯cb(k)
)
+ 4F8bcdσ¯d
∫
k
S¯cb(k) + 4H8bcdσ¯d
∫
k
P¯cb(k),(3.9)
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where
Gabc =
B
6
[
dabc − 3
2
(δa0d0bc + δb0da0c + δc0dab0) +
9
2
d000δa0δb0δc0
]
. (3.10)
In the Hartree approximation, the self-energies Σab and Πab included in the dressed propa-
gators S¯ab and P¯ab (as in Eqs.(3.5)) are independent of momenta. To solve the stationary
conditions for σ¯, S¯ and P¯ in Eq. (3.4), we may therefore take an ansatz for the dressed
propagator like
S¯−1ab (k) = −k2δab + (M2S)ab,
P¯−1ab (k) = −k2δab + (M2P )ab. (3.11)
where (MS)ab and (MP )ab are dressed scalar and pseudoscalar masses in the matrix form,
which are evaluated from Eqs.(3.5) and (3.6) as
[M2S ]ab = [m
2
S(σ¯)]ab + 4Fabcd
∫
k
S¯cd(k) + 4Habcd
∫
k
P¯cd(k),
[M2P ]ab = [m
2
P (σ¯)]ab + 4Fabcd
∫
k
P¯cd(k) + 4Habcd
∫
k
S¯cd(k). (3.12)
Note also that in the Hartree approximation, only the real part of the mass matrices are
generated. The dressed-mass matrices can be diagonalized by orthogonal transformations,
[M˜2S,P ](i)δij =
(
O′−1S,P
)
ia
[M2S,P ]ab
(
O′S,P
)
bj
, (3.13)
where (M˜2S,P )(i) are mass eigenvalues for the dressed-masses. Note that in general the
transformation matrices O′S,P are different from those at the tree-level (Eqs. (2.18) and
(2.22)), due to the induced temperature dependence on the mixing angles θS,P , so the
mixing angles are computed as follows:
θS,P =
1
2
arctan
[
2(M2S,P )08
(M2S,P )00 − (M2S,P )88
]
. (3.14)
By using the transformation matrix O′S,P in Eq. (3.13), the dressed-propagators for S¯ and
P¯ can be diagonalized as
S˜(i)(k)δij =
(
O′−1S
)
ia
S¯ab(k)
(
O′S
)
bj
,
P˜(i)(k)δij =
(
O′−1P
)
ia
P¯ab(k)
(
O′P
)
bj
, (3.15)
where S˜(i)(k) and P˜(i)(k) are the dressed propagators in the mass eigenbasis.
The loop integral for the dressed propagators in Eq. (3.15) consists of the vacuum-
contribution part (zero-temperature part) plus the thermal-correction part. Although
the vacuum part has the ultraviolet (UV) divergences and is subject to renormalization
schemes, the thermal contribution to the loop integral is independent of UV divergence
and renormalization. Actually, the qualitative results obtained based on the CJT analy-
sis at finite temperatures are fairly insensitive to renormalization schemes, as was studied
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in [26–28]. Thus, as far as qualitaiive features deduced from nonperturbative corrections
are concerned, we may be almost free from the UV sensitivity, allowing to just work on
the thermal corrections from the meson loops. Then the dressed propagators S˜(i)(k) and
P˜(i)(k) are evaluated by only including the thermal-meson loop terms as
∫
k
S˜(i)(k) =
∫
d3k
(2pi)3
1
k[(M˜
2
S)(i)]
(
exp
{
k[(M˜
2
S)(i)]
T
}
− 1
)−1
,
∫
k
P˜(i)(k) =
∫
d3k
(2pi)3
1
k[(M˜
2
P )(i)]
(
exp
{
k[(M˜
2
P )(i)]
T
}
− 1
)−1
, (3.16)
where the k represents the relativistic energy of the mesons with momentum k, k[(M˜
2
S(P ))(i)] =√
k2 +
(
M˜2S(P )
)
(i)
.
The thermal-dependent quark condensates, 〈l¯l〉(T ) and 〈s¯s〉(T ), are evaluated as func-
tions of the dressed propagators, and calculated as follows:
〈l¯l〉(T ) = ∂Veff [α, S, P ]
∂ml
∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
=
∂V (α)
∂ml
∣∣∣∣∣
α=σ¯
+
1
2
∫
k
[
∂[m2S(α)]ab
∂ml
Sba(k) +
∂[m2P (α)]ab
∂ml
Pba(k)
] ∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
= −2c(Φ¯1(T ) + 2kΦ¯1(T )Φ¯3(T )) + · · · ,
〈s¯s〉(T ) = ∂Veff [α, S, P ]
∂ms
∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
=
∂V (α)
∂ml
∣∣∣∣∣
α=σ¯
+
1
2
∫
k
[
∂[m2S(α)]ab
∂ms
Sba(k) +
∂[m2P (α)]ab
∂ms
Pba(k)
] ∣∣∣∣∣
α=σ¯,S=S¯,P=P¯
= −2c(Φ¯3(T ) + 2kΦ¯21(T )) + · · · , (3.17)
where the thermal-meson loop corrections for quark condensates are included in terms
denoted as ” . . . ”, where are, in terms of the quark mass expansion, suppressed compared
with the leading order terms in Eq. (3.17). In numerically estimating the temperature
dependence of the quark condensates, we will pick up only the leading terms in Eq. (3.17).
Since the Φ¯1 and Φ¯3 are determined by solving the stationary conditions in Eqs. (3.9) and
(3.12), so that the quark condensates nonperturbatively get thermal effects. Of interest is
that the quark condensates explicitly have a remnant of the axial-anomaly induced-flavor
breaking, what we call the k-term, VSB−anom, as seen in Eq. (3.17). Thus, the axial-anomaly
induced-flavor breaking would be expected to directly contribute to the chiral restoration
phenomena at finite temperatures.
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4 Numerical analysis on nonperturbative flavor breaking at chiral crossover
criticality
We are now ready to study how the nonperturbative flavor breaking can be generated at
finite temperatures across the chiral critical phenomena, such as the chiral crossover. To
this end, we take the following values for the model parameters as inputs
µ2 = 1.02× 104 MeV2, λ1 = 11.8, λ2 = 20.4,
cml = 6.11× 105 MeV3, cms = 198× 105 MeV3
B = 3.85× 103 MeV, k = 3.40 GeV−1, (4.1)
with which the present model at vacuum well reproduces the scalar and pseudoscalar meson
spectra, including the inverse mass hierarchy for scalar mesons ligher than 1 GeV [10]: From
Eqs. (2.17) and (2.21) with the input parameters as above, the meson masses in the vacuum
(at zero temperature) are estimated to be
m[f0(500)] = 672.4 MeV, m[f0(980)] = 990.4 MeV, ma0 = 937.6 MeV, mκ = 863.4 MeV,
mη′ = 958.2 MeV, mη = 552.9 MeV, mpi = 137.9 MeV, mK = 494.1 MeV, (4.2)
which indeed shows good agreement with the experimental values [29].
In addition, we predict the the topological susceptibility to be
χtop(T = 0) ' 0.0263/fm4 or (χtop(T = 0))1/4 ' 79.4 MeV. (4.3)
Actually, the recent lattice QCD data, with 2 + 1 (+1) flavors having a physical pion mass
and the continuum limit being taken, predicts the topological susceptibility at the zero tem-
perature as χtop(T = 0) = 0.019(9)/fm
4 [30], and χtop(T = 0) = 0.0245(24)stat(03)flow(12)cont/fm
4 [31].
For the latter the first error is statistical, the second error is systematic error and the third
error comes from changing the upper limit of the lattice spacing range in the fit. On the
lattice, the topological susceptibility is defined through a certain smoothing process to re-
duce UV sensitivity of the topological charge operator, which brings a systematic error.
Besides, sampling among different topological sectors is a nontrivial task for lattice QCD
simulations [32–36]. The two groups in [30] and [31] took account of those systematic errors
carefully, but their central values do not agree each other. From a conservative point of
view, we may say that the difference between them is interpreted as a systematic error
from the individual lattice QCD calculation.
Therefore, we may conclude that our prediction based on the CJT formalism is in
agreement with both two lattice observations with their systematic errors taken into ac-
count.
4.1 Chiral order parameters
In Fig. 1, we first show a plot on the scalar condensates Φ¯1,3 as a function of temperature,
which are evaluated by solving the stationary conditions for the CJT effective potential in
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Eq. (3.4) 2. The figure tells us that the Φ¯1 becomes smaller rapidly than the Φ¯3 does. This
tendency implies that the two-flavor chiral symmetry, controlled by the Φ1, can be restored
faster than that for the heavier strange quark, by the Φ3. However, it looks like that the
chiral symmetry is not exactly restored, so it may be sort of crossover phenomenon. The
similar scaling property of scalar condensates with respect to the temperature has been
observed in other three-flavor models based on the CJT formalism [26, 27], in which the
axial-anomaly induced-flavor breaking, the k-term in VSB−anom, is not incorporated.
0 100 200 300 400 500 600
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10 1
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102
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1
3
Figure 1. The Φ¯1 and Φ¯3 as a function of the temperature.
We next discuss thermal effects on the quark condensates 〈q¯q〉(T ) in Eq. (3.17). Fig. 2
displays the temperature dependence of the light quark condensate 〈l¯l〉(T )/〈l¯l〉(T = 0).
The figure shows that the light quark condensate does not exactly reach zero, though
being monotonically damping as T gets larger. This implies that the chiral phase transition
does not happen, instead, the theory undergoes a chiral crossover, as was indicated in the
scaling of scalar condensates above. This crossover phenomenon is in a qualitative sense
consistent with the current result of the lattice QCD with 2+1 flavors [1–4]. It it interesting
to note that the chiral crossover has been observed even in the absence of the axial-anomaly
induced-flavor breaking term VSB−anom, so, in this sense, the k term is irrelevant to realize
the chiral crossover.
From Fig. 2, we may estimate the pseudo-critical temperature of the chiral crossover,
simply by identifying it as a temperature T ∗pc, where d2〈l¯l〉(T )/dT 2|T=T ∗pc = 0. We then
find T ∗pc ' 215 MeV. Note that the definition of our T ∗pc is different from the lattice QCD’s
yielding the pseudo-critical temperature Tpc ' 155 MeV and has been estimated to be
larger [1–4]: By construction, the present chiral effective model can only include operators
2 At the vacuum T = 0, the scalar condensates are well degenerated, Φ¯3(T = 0)/Φ¯1(T = 0) ' 1.38.
It indicates that the three-flavor linear sigma model approximately has the SU(3)-flavor symmetry at the
vacuum.
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with single current quark mass matrix M, so we cannot evaluate the chiral susceptibility,
through which the pseudo-critical temperature in the lattice simulation is defined. However
the temperature at which the maximum of the chiral susceptibility should reach is usually
compatible with the inflection point of the chiral condensate in lattice QCD data, i.e. the
point where d2〈l¯l〉(T )/dT 2|T=Tpc = 0. So, we may naively have quantitative comparison
between Tpc and T
∗
pc, to find about 30% deviation. We will come back to this quantitative
discrepancy in the present analysis, in the later section.
To make manifest how the axial-anomaly induced-flavor breaking affects the chiral
crossover phenomenon, we compare the ratio 〈l¯l〉(T )/〈l¯l〉(T = 0) with the pion decay
constant normalized to the vacuum value fpi(T )/fpi(T = 0), which corresponds to the
temperature dependence of the light quark condensates in the absence of the axial-anomaly
induced-flavor breaking term. Fig. 2 shows that the 〈l¯l〉(T )/〈l¯l〉(T ) drops somewhat rapidly
than the fpi(T )/fpi(T = 0). This implies that the anomaly-induced flavor breaking acts as
a catalyzer toward the chiral restoration.
0 100 200 300 400 500 600
T (MeV)
10 2
10 1
100 ll (T)/ ll (T = 0)
f (T)/f (T = 0)
Figure 2. The temperature dependence of the light quark condensates and the pion decay
constant, normalized to those vacuum values.
The chiral condensate has the UV divergence and is need to be renormalized to get the
finite quantity. To eliminate the quadratic divergences tagged with the quark mass in the
chiral condensates, we use the subtracted chiral condensate ∆l,s(T ) = 〈l¯l〉− 2mlms 〈s¯s〉 as the
order parameter of the chiral phase transition: Fig. 3 shows the temperature dependence of
the subtracted chiral condensate based on the CJT analysis, in comparison with the lattice
QCD observation [37]. Although the deviation from the lattice QCD data [37] is read
as about 30% around the pseudo-critical temperature regions T ' T ∗pc, the CJT analysis
qualitatively supplies the chiral crossover as observed in the lattice QCD observation [37].
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Figure 3. The comparison of the subtracted chiral condensate ∆l,s(T ) with the lattice QCD
data [37].
In Fig. 4, we plot the ratio of 〈s¯s〉(T ) to 〈l¯l〉(T ) as a function of the temperature, which
measures the significance of the flavor breaking between the quark condensates. At the zero
temperature, this ratio is computed as 〈s¯s〉(T = 0)/〈l¯l〉(T = 0) ' 1.18, which is in good
agreement with the recent lattice simulation (at a physical pion mass), 〈s¯s〉(T = 0)/〈l¯l〉(T =
0) = 1.08±0.16 [6]. Therefore, the SU(3)V flavor symmetry between the light quark and the
strange quark condensate is approximately preserved at the zero temperature. Moving on
to the finite temperature environment, the ratio 〈s¯s〉(T )/〈l¯l〉(T ) is drastically enhanced and
monotonically increased around the pseudo-critical temperature T ∗pc ' 215 MeV, so that the
violation of flavor symmetry between the light quark and the strange quark condensates
gets more eminent over the chiral criticality [9]. This dramatic enhancement has been
also observed in several analyses on hot lattice QCD [7, 8]. Furthermore, to extract the
contribution of VSB−anom to the flavor breaking, we compare the 〈s¯s〉(T )/〈l¯l〉(T ) with the
Φ¯3(T )/Φ¯1(T ) which is identical to the one without the anomaly-induced flavor breaking
effect. Fig. 4 shows that the axial-anomaly induced-flavor breaking term plays a role to
reduce the magnitude of the flavor breaking.
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Figure 4. The temperature dependence of the 〈s¯s〉(T )/〈l¯l〉(T ) compared with Φ¯3(T )/Φ¯1(T ) and
〈s¯s〉FT(T )/〈l¯l〉FT(T ) obtained in the free theory of quarks.
To clarify that the flavor breaking certainly comes from the nonperturbative thermal
contribution, in Fig. 4 we also compare the 〈s¯s〉(T )/〈l¯l〉(T ) with the one corresponding to
the free theory of quarks, in which the quarks behave non-interacting free-particles. The
ratio of free-quark condensates 〈s¯s〉FT(T )/〈l¯l〉FT(T ) is perturbatively obtained from the
thermal one-loop calculation. We provide the detailed expression of quark condensates in
the free theory in the Appendix A. For the low temperature regions where T < ms ∼ 100
MeV, the free-theory (FT) quark-condensate ratio 〈s¯s〉FT(T )/〈l¯l〉FT(T ) keeps the value
below ms/ml ' 27, because of the naive Boltzmann suppression for the strange quark
contribution. After passing T ' ms ∼ 100 MeV, the 〈s¯s〉FT(T )/〈l¯l〉FT(T ) asymptotically
approaches ms/ml, which merely reflects the trivial and overall flavor-breaking just by
quark masses: 〈q¯q〉 ∼ mqT 2. In contrast, in whole low-temperature regions T < T ∗pc ' 215
MeV the CJT analysis exhibits a gigantic suppression for the quark-condensate ratio more
than the Boltzmann suppression, to respect the flavor symmetry, i.e., the vacuum value
∼ 1. This flavor symmetric behavior is consistent with the conventional three-flavor ChPT
observation, in which the vectorial SU(3) flavor symmetry cannot explicitly be violated
at the leading order of the chiral expansion based on the nonlinear-sigma model setup,
so that 〈s¯s〉ChPT(T )/〈l¯l〉ChPT(T ) ' 1 even including the next-to leading order corrections.
As the temperature further increases, the CJT analysis nonperturbatively undergoes the
chiral crossover around the pseudo-critical temperature T ∗pc ' 215 MeV (see Figs. 1 and 2),
where the light quark condensate 〈l¯l〉(T ) starts to drop more efficiently than the strange
quark condensate 〈s¯s〉(T ). Consequently, the quark-condensate ratio rapidly starts to grow
from T ' T ∗pc. This is a nontrivial flavor breaking, essentially different from the trivial FT
flavor violation just by ms/ml. In the end, at around T ' 600 MeV, the quark-condensate
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ratio asymptotically merges with the FT yielding the trivial-flavor breaking value ms/ml.
This would imply that the present linear sigma model would converge to an ideal-quark gas
picture consistently with the asymptotic free nature of the underlying QCD. Thus we can
conclude that what we call a nonperturbative flavor breaking is certainly a nonperturbative
output in association with the characteristic chiral crossover phenomenon.
4.2 Meson spectral properties
The feature of the chiral crossovver criticality should be reflected in the meson dynamics.
In particular, the mixing of singlet and octet states are strongly correlated with the chiral
symmetry breaking. In this subsection, we first discuss the mixing structure of constituents
in the f0(500) and f0(980) (η
′ and η) via the temperature dependent mixing angles θS,P
in Eq. (3.14), across the crossover criticality.
Fig. 5 shows the θS,P as a function of temperature. When the temperature is increased
up to around the the pseudo-critical temperature T ∗pc ' 215 MeV, the θS becomes smaller.
On the other hand, the θP dramatically grows. After arriving at around T
∗
pc, the mixing an-
gles θS,P converge gradually to the ideal mixing angle θS,P = arcsin(1/
√
3) ' 35.3◦, where
the mass eigenstates completely separate into the strange-quark and non-strange quark
scalars 3. Therefore, this implies that above T ∗pc the f0(500) and η′ mesons are identified
as light-quark (ll¯) scalar sates, and the f0(980) and η mesons as ss¯ states. Actually, other
three-flavor model analyses based on the CJT formalism [26] have also predicted the same
critical phenomenon for the mixing structure, where the anomaly-related flavor breaking
term VSB−anom is not involved. In that sense, we may conclude that the axial-anomaly
induced-flavor breaking is not essential so much for the meson mixing structure in relation
to the critical phenomenon.
3 Indeed, at higher temperatures around T ' 600 MeV, where the ideal mixing is almost perfectly
realized, the f0(500) and η
′ meson are completely made of the fluctuating modes from Φ¯1 (non-strange, or
light-quark components), while the f0(980) and the η meson are the fluctuating modes from Φ¯3 (strange-
quark components).
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Figure 5. The mixing angles of the scalar (σ0, σ8) and the pseudoscalars (pi0, pi8) as a function of
temperature.
Second, we focus on the criticality effect on the meson masses. It turns out that a
couple of interesting consequences of the chiral crossover emerge in meson spectroscopy. In
Fig. 6, we show the temperature dependence of the dressed masses for scalar mesons and
the pseudoscalar mesons. When the temperature is increased up to around the pseudo-
critical temperature T ∗pc, the dressed-scalar masses drop. In particular, the dropping rate
for the f0(500) meson gets prominent. As for the pseudoscalar masses, the dressed mass
of η′ slightly decreases below the pseudo-critical temperature T ∗pc, while the other pseu-
doscalar masses grow. Above T ∗pc, especially at T ≥ 300 MeV, all of the dressed-scalar
and -pseudoscalar masses monotonically increase and tend to degenerate. We shall discuss
more details on these scaling properties below.
It would be interesting to compare the thermal masses in Fig. 6 with the screening
masses observed on the lattice QCD [38]. We find that the mass scaling properties of
the pseudoscalars qualitatively agree with the lattice data. Regarding the scalar mesons,
accurate lattice studies on identifying the bound state channels currently involve some
complicated issues. Therefore, direct comparison to our predictions is not straightforward,
which would be possibly resolved by the future studies.
As was clarified in [10], we first recall that the axial-anomaly induced flavor breaking
serves as an important source to realize the inverse mass hierarchy for scalar mesons below 1
GeV, m[f0(980)] > m[a0(980)] > m[K
∗
0 (700)] > m[f0(500)]. To examine the thermal effect
on the inverse mass hierarchy, we plot the mass differences among scalar mesons in the left
panel of Fig. 7. We can see that the mass difference between m[a0(980)] and m[K
∗
0 (700)]
keeps the inverse mass hierarchy, m[a0(980)] > m[K
∗
0 (700)], even at high temperatures.
This implies that the axial-anomaly induced-flavor breaking survives even at high temper-
atures, above the pseudo-critical temperature, and continues to keep the mass difference as
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in vacuum. This surviving flavor breaking in the mass difference m[a0(980)]−m[K∗0 (700)]
might be a crucial signal to indirectly detect the anomaly-induced flavor breaking at hot
QCD, maybe, at lattice QCD in the future.
Furthermore, in the left panel of Fig. 7 one can find that the order between m[f0(980)]
and m[a0(980)] flips around T
∗
pc. Then, above around T ' 250 MeV, the mass hierarchy
for scalar mesons is changed to be m[a0(980)] > m[f0(980)] > m[K
∗
0 (700)] > m[f0(500)].
Reaching T ' 600 MeV, K∗0 (700) becomes degenerate with the f0(980). Eventually, the
mass hierarchy for scalar mesons goes like
m[a0(980)] > m[f0(980)] ' m[K∗0 (700)] > m[f0(500)], at T/T ∗pc ∼ 3. (4.4)
This hierarchy flipping happens due to nonpertubative thermal-meson loop corrections,
which have triggered a new flavor-breaking structure in the scalar meson spectra, and it is
worth exploring in lattice simulations in the future.
In the right panel of Fig. 7, we show the mass differences for the chiral partners and
the U(1)A partners. As the temperature increases, the mass difference of the chiral partner
between f0(500) and pion becomes smaller. Above the T
∗
pc, the f0(500) meson becomes
approximately degenerate with pion. Recall back that the f0(500) meson is almost an ll¯
state scalar. Therefore, the degeneracy between f0(500) and pion may imply the restoration
signal for the light quark-chiral symmetry. On the other hand, the η meson is identified as
an ss¯ pseudoscalar state, where the strange quark condensate still has a sufficiently large
value compared to the 〈l¯l〉 as displayed in Fig. 4. The consequence of the surviving 〈s¯s〉 has
been also been reflected in the mass difference between a0(980) and η: They tend to most
slowly merge among the chiral partners and still keep the sizable size (& 100 MeV) even
when the f0(500) and pion get almost degenerate at around T
∗
pc. This is due to the sizable
strange quark contribution to both a0(980) (from the k term and nonperturbative thermal
loops) and η (from nonperturbative thermal loops). Thus, the flavor breaking between
the light- and strange-quark condensates is certainly reflected in the mass difference of the
chiral partners.
Note also (from the green curve in the right panel of Fig. 6) that the mass difference
of the U(1)A partner between a0(980) and pion does not become degenerate even at high
temperatures enough. This implies that the U(1)A symmetry is still broken even above T
∗
pc,
in accordance with the surviving flavor breaking induced from the axial anomaly, observed
in the scalar meson mass spectra.
The right panel of Fig. 7 also shows the approximate restoration of the O(4) ('
SU(2)L × SU(2)R) symmetry at high temperatures, which is signaled by the degeneracy
of the chiral partner, f0(500) and pion. Of interest is that the U(1)A symmetry detected
by the degeneracy of the U(1)A partner is still broken even after the (approximate) O(4)
restoration. 4 This tendency is in agreement with the lattice observation with the physical
4In Ref. [39] based on the Ward Identities analysis, it is argued that the O(4) symmetry and the
U(1)A symmetry are simultaneously restored by referring to the vanishing condition for the topological
susceptibility χtop, where the flavor breaking effect is not taken into account. So, we may suspect that the
contribution of the flavor breaking would cause this discrepancy between our work and the Ward Identities
analysis [39] with the flavor symmetry assumed.
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Figure 6. The thermal effects on the dressed masses for (a) scalar mesons, and (b) pseudoscalar
mesons.
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Figure 7. Evolution of the mass differences in temperature for (a) scalar mesons, (b) chiral and
U(1)A partners.
4.3 Topological susceptibility
The generic formula of χtop in Eq. (2.42) is still available even at finite temperatures.
Using the quark condensates in Eq. (3.17), we evaluate the temperature dependence of the
topological susceptibility in Eq. (2.42). What we report here will be summary of the main
result in the literature [9], with some discussions compensated.
Some nonperturbative analyses on the QCD topological susceptibility at finite tem-
peratures have so far been done based on chiral effective models [41–44]. However, no
discussion on the correlation with quark condensates was made because their topological
susceptibilities do not hold the flavor singlet form as in Eq.(2.42) (see also Eq.(2.34), for the
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flavor singlet condition), hence it seems to have been impossible to find the nonperturvative
flavor breaking as addressed in the present paper.
As was shown in Fig. 4, at high temperatures, the flavor symmetry between the light
quark condensate and the strange quark condensate is drastically broken. Therefore, ac-
cording to Eq.(2.42), a similarly significant flavor breaking is expected in the topological
susceptibility. Indeed, that takes place, see Fig. 8. The χtop gets larger and larger after
reaches the temperature around the chiral crossover, T ∗pc ' 215 MeV, precisely in the same
way as the ratio of quark condensates (〈s¯s〉(T )/〈l¯l〉(T ) 1) follow in Fig. 4.
To extract the strange quark contribution in the topological susceptibility, in Fig. 8
we show the temperature dependence of χtop(T ) normalized to the one in the three-flavor
universal limit, χ3fltop =
(
2
ml
+ 1ms
)−1 〈l¯l〉(T ). We see that due to the sizable strange quark
condensate as seen from Fig. 4, the topological susceptibility is rapidly enhanced from
T ' T ∗pc. This enhancement is essentially driven by the sizable strange quark conden-
sates acting as a catalyzer for the U(1)A breaking above the pseudo-critical temperature.
Eventually, after arriving at the high temperature regions where 〈s¯s〉(T )/〈l¯l〉(T ) reaches
the trivial-flavor breaking value ms/ml, the χtop(T )/χ
3fl
top(T ) merges with the quark-FT
regime, to asymptotically converge to χtop(T )/χ
3fl
top(T ) ' 3/(2 + ml/ms) ' 1.5. Thus,
the topological susceptibility gets the nonperturbative flavor breaking at around the chiral
crossover criticality, which is manifestly different from the trivial-flavor breaking as seen in
the quark-FT.
It is remarkable that the catalysis of the U(1)A breaking by the nonperturbative strange
quark condensate may account for the tension in the effective restoration of the U(1)A
symmetry currently observed on lattices with the two-flavor [12–15] and the 2+1 flavor [16–
18] near the chiral limit.
In the figure, also has been displayed comparison with the case without the anomaly-
induced flavor breaking, the k-term. We see that the k-term plays a role of the destructive
interference for the strange quark contribution to the χtop, as was seen in Fig. 4.
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Fig. 9 shows the χtop normalized to the vacuum value, in comparison with the ChPT
prediction up to the next-to-leading order (NLO) [45] and the recent lattice data with 2 +
1 (+1) flavors having a physical pion mass and the continuum limit being taken [30, 31].
Remarkably, the predicted T dependence (denoted by “CJT” in the figure) is actually
slower-damping, and is overall consistent with the lattice QCD data [30, 31], which is not
realized by the ChPT. This would manifest the importance of nonperturbative thermal
contribution including the enhanced flavor breaking by 〈s¯s〉(T )/〈l¯l〉(T )  1 above T ∗pc, as
depicted in Fig. 4.
The predicted curve deviates from the one derived from the dilute instanton gas ap-
proximation [46, 47], which follows the lattice data [31] in whole temperature range, rather
favors the ChPT at T . T ∗pc. This implies that the chiral symmetry for light quarks might
be essential in the low-temperature region, as discussed in the literature [45]. Note that
the ChPT-governed domain is intact even if one includes the next-to-next-to-leading or-
der (NNLO) correction in the ChPT analysis [48]. Beyond the ChPT-governed domain,
above T ∗pc the strange quark condensate would serve as an important source to develop the
topological susceptibility, as the consequence of the nonperturbative flavor breaking.
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Figure 9. The comparison of the χtop(T )/χtop(T = 0) (labeled as “CJT” in the plot) with
the ChPT prediction up to the next-to-leading order (NLO) (one-loop) [45] and the lattice QCD
data [30, 31]. The band corresponds to the continuum extrapolation of the lattice QCD data [30],
which is estimated by the function χ(a, T )/χ(a, T = 0) = D0(1 + D1a
2)(T/Tc)
D2 with D0 = 1.17
D1 = 0, D2 = −2.71 and Tc = 155 MeV.
5 Summary and conclusion
In this paper, we have explored quark-flavor violation effects at high temperatures, in-
duced from nonperturbative thermal loop corrections and axial anomaly. Working on a
three-flavor linear-sigma model including an axial-anomaly induced-flavor breaking term,
we employed a nonperturbative analysis following the Cornwall-Jackiw-Tomboulis formal-
ism. It was shown that the model undergoes a chiral crossover with a pseudo-critical
temperature, consistently with lattice observations.
Regarding the flavor violation, what we have found is summarized as follows:
• Nonperturbative thermal loop corrections drive up-and down-quark condensates to
drop faster than the strange quark’s toward the criticality, but still keep nonzero
value even going far above the pseudo-critical temperature. In particular, just above
the criticality the flavor breaking in the quark-condensate ratio 〈s¯s〉(T )/〈l¯l〉(T ) has
been shown to scale much differently from a trivial flavor violation predicted from the
ideal quark gas, and is contrast to the chiral perturbation theory predicting almost
flavor-symmetric quark condensates. This manifests the nonperturbative generation
of a significant flavor breaking at the chiral criticality (Fig 4);
• The anomaly-related flavor-breaking effect acts as a catalyzer for the chiral restora-
tion, while it reduces the amount of flavor breaking in the up, down and strange
condensates (Fig. 2);
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• The meson flavor mixing structures are drastically affected in passing the chiral
crossover, due to the nonperturbative thermal loop effects (Fig. 5), in which the
anomaly-induced flavor breaking is found to be almost irrelevant;
• The meson spectroscopy gets corrected by the net nonperturbative flavor breaking
effects around and above the critical temperature (Figs. 6 and 7), where the scalar
meson mass hierarchy is significantly altered by the presence of the anomaly-related
flavor breaking (Eq.(4.4));
• Above the pseudo-critical temperature, the topological susceptibility is highly en-
hanced due to the surviving strange quark condensate compared to the three-flavor
univeral limit, which cannot be detected by the chiral perturbation theory (Fig. 9).
The predicted scaling in temperature significantly deviates from the dilute instan-
ton gas prediction. There the anomaly-induced flavor breaking plays a role of the
destructive interference for the enhancement, as in the flavor breaking in the quark
condensates (Fig. 8).
• It is noteworthy that U(1)A breaking perceived by the topological susceptibility is
catalyzed by the nonperturbative strange quark condensate, which may account for
the tension in the effective restoration of the U(1)A symmetry currently observed on
lattices with two flavors [12–15] and 2+1 flavors [16–18] near the chiral limit.
These predictions should, in a qualitative sense, be understood as new chiral critical
features in hot QCD. Precise comparison with lattice simulations may be done by taking
into account a possible systematic error, which stems from modeling low-energy QCD as
a linear sigma model description. The systematic error might be estimated by referring
to the pseudo-critical temperature T ∗pc, which we observed to be ' 215 MeV, while the
recent lattice simulations have reported Tpc ' 155 MeV. The discrepancy, regarded as
the systematic error of the present analysis, is about 30%. (Going beyond the Hartree
approximation that we have worked on, our pseudo-critical temperature might get close
to the lattice observation.) Though having such uncertainty, the present analysis would
certainly grab essential features at the hot QCD criticality, e.g., the nonperturbative flavor
breaking, which would be seen as a consequence of the significant deviation in the criticality
scaling for the topological susceptibility from the dilute instanton gas prediction, which is
on almost the same trajectory as the data from Ref. [31] in Fig. 9. Comparison also with
other lattice data [30] in Fig. 9 implies that our analysis points to between two lattice data
having individual simulation setups, which would sound reasonable to consider the present
model to be on a right track the hot QCD keeps, with the possible systematic error of
30% for the present model analysis taken into account. Note that as discussed in [36, 49],
the reduction of various systematic uncertainties in the lattice χtop measurements is still
underway, which in the future might possibly be settled to give a decisive conclusion.
The nonperturbative flavor breaking, especially, the significance of the strange quark
condensate, in the topological susceptibility at around the pseudo critical temperature
would give an impact on applications to QCD axion cosmological models. The epoch, in
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which QCD axion starts to roll and oscillate as well as the position in the potential, is
crucial to estimate the relic abundance of the axion as a dark matter today. This is subject
to the temperature (or time) dependence of the χtop (which corresponds to the potential
height) at around and/or above the chiral crossover boundary. As recently investigated
in [50], below and above this crossover boundary, the two-flavor chiral perturbation theory
and dilute instanton gas descriptions have separately been applied in evaluating the χtop
(with imposing a continuity condition between two domains through macroscopic thermo-
dynamics quantities). Our present work would improve or refine this existing approach by
including the strange quark contribution with use of the linear sigma model description,
instead of the dilute instanton gas, at around and/or above the chiral crossover. This would
provide a complementary evaluation of the QCD axion cosmology, with higher reliability.
Detailed study is to be pursued in another publication.
Similar significance of the nonperturbative flavor breaking can also be observed in
other chiral effective models, like Nambu-Jona-Lasinio models with a nonperturbative for-
malism for thermal loop corrections, e.g. functional renormalization group method. This
would be a cross-check on what we have addressed in this paper, and could give some
new interpretation from a different point view in terms of quark degrees of freedom and
renormalization group. It would also be interesting to work along this line in the future.
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A Quark condensate in free theory
In the free theory of quark fields at finite temperature, the quark condensate is given as
〈q¯q〉FT = −i4mq
∫
d4p
(2pi)4
1
p2 −m2 + i +
4mqT
2
2pi2
I(mq) (A.1)
where
I(mq) =
∫ ∞
0
dx
x2√
x2 +m2q/T
2
1
1 + exp(
√
x2 +m2q/T
2)
. (A.2)
For T  mq, the second term of Eq. (A.1) goes like
4mqT
2
2pi2
∫ ∞
0
dx
x
1 + ex
. (A.3)
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Focusing only on the thermal quark loop, the ratio of the strange quark condensate to
the light quark’s is evaluated as
〈s¯s〉FT(T )
〈l¯l〉FT(T )
=
ms
ml
I(ms)
I(ml)
, (A.4)
Since I(ml) = I(ms) for T  mq, the ratio of quark condensates converges to ms/ml as
the temperature increases.
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